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Abstract 
A space X is said to be consonant if, on the set of closed subsets of X, the upper Kuratowski 
topology coincides with the co-compact topology. It is known that tech-complete spaces are con- 
sonant and that consonance is neither preserved by Gg subsets nor stable under products. We show 
that all Gg subspaces of a consonant space X are consonant if the Vietoris topology on compact 
subsets of X is hereditarily Baire; and that is always the case if all compact subspaces of X are 
separable and of countable character in X. Spaces which are G6 subspaces of consonant paracom- 
pact p-spaces are also shown to be consonant. Concerning products, we show that the product of 
a consonant paracompact p-space and a tech-complete space is consonant. We also answer some 
questions of Nogura and Shakhmatov related to product and topological sum operations in the 
class of regular consonant spaces. 0 1998 Elsevier Science B.V. 
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1. Introduction and preliminaries 
A space X is said to be consonant if the upper Kuratowski topology on the set of 
closed subsets of X coincides with the co-compact topology. This class was introduced 
by Dolecki, Greco and Lechicki in [6,7]. The study of consonance is of great interest 
especially since, as was observed by Nogura and Shakhmatov in [ 111, two other classical 
topologies (automatically) coincide on the space of closed subsets of a consonant space, 
namely, the Fell topology and the Kuratowski topology. (In [I I] consonant spaces are 
called UK-trivial.) In [7], among other things, it is proved that every eech-complete space 
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is consonant. It is also known that metrizable consonant spaces are hereditarily Baire [3]; 
but, examples in [7] and [l l] show that consonance is neither hereditary with respect to 
Gg subsets nor stable under finite products. It turns out that if the Vietoris topology on 
the hyperspace of compact subsets of a consonant space X is hereditarily Baire, then 
all Gg subspaces of X are consonant (Theorem 3); and this holds for a wide class of 
consonant spaces, e.g., all metrizable ones (Proposition 5). This is the main purpose 
of Section 2. The consonance of Gg subspaces of consonant paracompact p-spaces is 
established in Section 3. An important part of Section 3 is devoted to the stability of 
consonance products. As a consequence of Theorem 3 and of Theorem A.1 (a result 
established in an appendix to this note, related to product of hereditarily Baire spaces), 
we show that the product of a paracompact consonant p-space and a Tech-complete is 
consonant. Finally, answering some questions of Nogura and Shakhmatov [ 111, we shall 
show that, if X and Y are two regular consonant spaces, then all product X”, R E N, 
are consonant, and that the consonance of the topological sum X @ Y always implies 
that of X x Y. 
As in [7], for every collection D of subsets of X we denote by O(D) the set of open 
subsets of X which contain some member of D. A nonempty collection 7-L of open sets 
in X is said to be compact if ti = 0(Z) and if, for each collection U of open sets in 
X such that UU E 7-f, there exists a finite sub-collection 1/ c U such that U V E ‘FI. 
The following corresponds to the criterion of consonance given in [7, Theorem 3.31. 
Definition 1. A space X is said to be consonant if every compact collection ‘FI of open 
sets in X is trivial, in the sense that there exists a family K of compact sets in X such 
that O(K) = ti. 
No axiom of separation is a priori assumed, consequently all compact (not necessarily 
closed) subsets of X are considered in Definition 1. Beside [7, Theorem 3.31, we shall 
also make use of another criterion of consonance established in [4]. To state it, recall that 
a multi-function (or a set-valued map) cp defined on a space Y which takes its values in 
the set 2x of nonempty closed subsets of the space X, is said to be lower semi-continuous 
(or briefly 1.s.c.) if, for every open set U c X, the set {v E Y: p(y) n U # 8) is open 
in Y. A subset A of X which meets all values of p will be called a section of cp. 
Theorem 2. A space X is consonant ifand only $ for every 1.s.c. multi-function cp : Y + 
2x, where Y is compact, every open section of ‘p contains a compact section. 
Remark. 
(1) In the statement of Theorem 2, the sentence “every open section of cp” can be 
replaced by “every dense open section of 9”. For, if 0 is an open section of cp, 
then for any compact section I( of the 1s.~. set-valued map 
y E Y + qb(y) n 0 E 2dy 
which is contained in 0 U (X \ 0), th e compact set K f? Ts of X is a section of 
9 contained in 0. 
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(2) Similarly, if all Gg dense subspaces of X are consonant, then all Gg subspaces of 
X are consonant. Indeed, consonance is hereditary with respect to closed sets [7, 
Proposition 4.21 and every Ga subset A of X is closed in the Gg dense subspace 
Au(X\z) ofX. 
The usefulness of this remark will be seen in the proof of Theorem 3. 
2. Consonance of Ga subsets 
Let X be a consonant space. It is proved in [7] that every open subspace of X is 
consonant, but a Gg subspace of X is not necessarily consonant. For example, it is 
shown in [l l] that S, x (R \ Q) IS a Gg dissonant (i.e., not consonant) subspace of 
the consonant space S, x IF& where S, denotes the countable Frechet-Urysohn fan. 
However, we will show in Theorem 3 that Gh subspaces of X must be consonant if the 
space K(X), the set of all compact subsets of X endowed with the Vietoris topology, has 
nice category properties. Recall that a canonical base of the Vietoris topology is given 
by the family of all sets of the form 
[Ut ,..., Un]= 
i 
KEK(X): KcfiIi,andKnli,#Oforr=l,.... rz 
I 
, 
%=I 
where Ut , , U, are open subsets of X. 
Recall that a collection N of subsets of X is called a strict k-network of X if, for every 
open set U c X and every compact K c U, there exists N E N such that K c N c U. 
In this note we will consider only strict k-networks which are subset of K(X); so, for 
convenience, we include this condition in the definition of strict k-networks. 
A space X is a Baire space if every countable intersection of open dense subsets of X 
is dense in X. The space X is hereditarily Baire (also called totally nonmeager) if every 
closed subspace of X is a Baire space. Let us say that X is totally nonmeager over Y c X 
if, for every nonvoid subset A of Y, the subspace A of X is nonmeager in itself. Notice 
that if the subspace Y of X is a hereditarily Baire, then X totally nonmeager over Y. 
Theorem 3. Let X be a consonant space. Suppose that X has a strict k-network N 
such that lC(X) is totally nonmeager over N (with respect to the Vietoris topology). 
Then every Gs subspace of X is consonant. 
Proof. The proof is based on Theorem 2. Let Z be a Gg subset of X and cp : Y + 2z 
be a 1.s.c. multi-function, where Y is a compact space. Let 0 c 2 be an open section 
of q~ and write X \ 0 = U Jr=‘, where F is a countable collection of closed subsets of 
X. We must show that cp has a compact section which is a subset of 0. By the Remark 
after Theorem 2, we suppose without loss of generality that 2 and 0 are dense in X. 
The multi-function II, : Y + 2 x defined by q?(y) = p(y) n 0 is 1.s.c. By the consonance 
of X, the set S of all compact sections of 11, is not empty, and so is S n N. Then, the 
nonempty subspace 7 = SnN of K(X) 1s nonmeager. (In fact 7 = S, but this is 
irrelevant in the argument.) 
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For each F E F, let 7~ be the set {K E ‘7: K n F = s}. Then, for every F E _7=, 
IF is open in 7. Let us show that 7~ is a dense subset of 7. Let Ui, . . . , U, c X be 
a finite sequence of open subsets of X and Ko E 7 such that Ko E [U, , . , UTL]. Put 
U = Ui U. . . U U,. Note that Ko E S; hence, for every y E Y we have 0 # $(y) n Ko c 
$(y) n U. It follows that for every y E Y 
0 # V(Y) n 0 n u = (P(Y) n 0 n (u \ F). 
Therefore, the multi-function y : Y + 2”iF, defined by y(y) = G(y) n (U \ F), is well 
defined and I.s.c. Since U \ F is an open subset of X, it is consonant [7, Proposition 4.21; 
hence there exists a compact section Kl c U \ F of y. For each i E { 1,. . . , n} choose 
xi E 17, \ F; this is possible since 0 is dense in X and 0 n F = 8. Now, let K E N be 
such that (~1,. . . ,z,} U KI c K c U. It is clear that K E [U,, . , Un] n 7~. 
To complete the proof we use the fact that 7 is nonmeager in itself to conclude that 
f-l FEF 7~ is nonempty, which implies that cp has a compact section. 0 
An important case where the condition of Theorem 3 holds is when K(X) is hereditar- 
ily Baire. Hence we may ask: For which consonant space X must K(X) be hereditarily 
Baire? This is of course the case if X is compact and Hausdorff (in fact, it is well 
known that K(X) is compact, see [lo]); hence, Theorem 3 gives another way to show 
that Tech-complete spaces are consonant [7, Theorem 4.11. We will show below that this 
is also true for many other consonant spaces, e.g., all metrizable ones. 
Let X be a completely regular space and denote by P(X) the set of all probability 
Radon measures in X endowed with the usual topology. The space X is said to be a 
Prohorov space if, for every compact M c P(X) and E > 0, there is a compact set 
K c X such that p(K) > 1 - E for each 1-1 E M. Since a closed subspace of Prohorov 
space is a Prohorov space, and since X is (homeomorphic to) a closed subspace of K(X), 
the following improves [3, Theorem 2.21. 
Proposition 4. Let X be a completely regulur consonant space. Then /C(X) endowed 
with the Vietoris topology is a Prohorov space. 
Proof. Since X is completely regular, so is K(X) [lo]. Let M be a compact subset 
of P(K(X)) and E > 0. Denote by 7-1 the collection of all open subsets U of X such 
that p([U]) > 1 - E for each 1-1 E A{. The collection ti is nonempty (X E ‘FI) and, 
by the complete regularity of K(X), ‘t 1 IS a compact collection. Since X is consonant, 
there exists a compact set K c X such that p( [U]) > 1 - E for each p E M and for 
every open set U c X such that K c U. To finish the proof, it is enough to verify that 
p(IC(K)) 3 1 - E for each ~1 E M. Suppose, on the contrary, that for some /* E M we 
have p(IC(K)) < 1 - E. Let 24 be the collection of all open subsets of X containing K. 
Since X is Hausdorff, we have K = flu, hence 
~(K)=n{[u]: UEZA}. 
Since p is a Radon measure, there exists a finite collection V c 2.4 such that p( [n V]) < 
1 - E, which is impossible. 0 
A. Bouziad / Topology and if.7 Applications 87 (1998) 53-61 57 
We shall need the following result of Debs [5, Theo&me 5.11: Every Prohorov space 
having a dense first countable subspace is a Baire space. 
Proposition 5. Let X be a completely regular consonant space. 
(1) If X is first countable, then K(X) is a Baire space. 
(2) If all compact subspaces of X are separable and of countable character in X (in 
particular if X is metrizable), then K(X) en d owed with the Vietoris topology is 
hereditarily Baire. 
Proof. (1) If X is first countable, then K(X) has a dense first countable subspace, 
namely, the set of all finite subsets of X. Hence, it follows from Proposition 4 and from 
the result of Debs mentioned above, that K(X) is a Baire space. 
(2) The assumption on compact subspaces of X guarantees that K(X) is first countable; 
see [12]. Hence, it follows again from Proposition 4 and Debs’ result that K(X) is 
hereditarily Baire. 0 
Now we are ready to give an application of Theorem 3 which plays an important 
role in the sequel. The parenthetic part of the following is an immediate consequence of 
Proposition 5 and Theorem 3. 
Theorem 6. Let X be a completely regular consonant space. Suppose that X has a 
strict k-network N which is a first countable subspace of K(X) (in particular; if X 
metrizable, or more generally, if ull compact subspaces of X are separable and of 
countable character in X). Then, every Gg subspace of X is consonant. 
Proof. It suffices to show that K(X) is totally nonmeager over N. Let F be nonempty 
subset of N. Since N is first countable, the space m, which is a Prohorov space by 
Proposition 4, has a dense first countable subspace; hence, by Debs’s result, 3 n N is a 
Baire space. 0 
3. Consonance of products 
The following question of Vitolo is asked in [ 11, Question 11. lo]: Let X be a consonant 
space; must X x X be consonant? For regular spaces (the Ti axiom is not included), 
Proposition 7 yields a positive answer to this question. First, let us show that the answer 
to this question is in general negative: Consider two consonant spaces X and Y such 
that X x Y is dissonant, and let Z be the disjoint union of X and Y. Topologize Z by 
declaring open all open subsets of X and all sets of the form A U X, where A is open in 
Y. Then Z is consonant. (This can be shown as follows: Consider a compact collection 
of open subsets of Z, say ;FI, and denote by ;Ftt the collection of all subsets U of X 
such that U E R. Notice that HI, if nonempty, is a compact collection of open subsets 
of X. Then, to conclude that ‘H is trivial, one applies the consonance of Y or that of 
X according to tit is empty or not.) Now, since X x Y is the intersection of the open 
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subset X x 2 of 2 x 2 and of the closed subset 2 x Y of 2 x 2, it follows from [7, 
Proposition 4.21 that Z x Z is dissonant. 
In order to prove that a regular space X is consonant it is convenient and also sufficient 
to show that, for every compact collection 7-t of open subsets of X, there is a compact 
set K c X such that 0((K)) c ‘H (compare with Definition 1). Indeed, let C be a 
compact collection of open sets in X and let 0 E C. Choose, by the regularity of X, an 
open set U c X such that U c 0 and such that U E C. Consider the collection N of 
all open sets V c X such that V Ti U E C. Then IFt is a compact collection and, for any 
compact K c X such that O({ K}) c W, the compact set K1 = K n U is a subset of 0 
such that 0({K,}) c C. This observation will be exploited in the proof of the following. 
Proposition 7. Let X be a regular space. If X is consonant then X” is consonant for 
all 72. 
Proof. Let ‘FI be a compact collection of open subsets of X”. Since X” is regular, it 
suffices to show that 0((K)) c 7-1 for some compact subset K of Xn. Consider the 
collection C of all open subsets 0 of X such that 0” E ‘K Then it is easy to verify 
that C is a compact collection of open subsets of X. Since X is consonant, there exists 
a compact set A c X such that c3( {A}) c C. Put K = A”. Then, applying the Wallace 
Theorem [8, Theorem 3.2.201, we have 0((K)) c X. 0 
The ‘if’ part of the following answers another question from [ 11, Question 11.91 for 
regular spaces. 
Corollary 8. Let XI, . , X,, be a$nite sequence of regular spaces. Then X1 x x X, 
is consonant if and only if the topological sum X1 @ . . @ X, is consonant. 
Proof. The ‘only if’ part is a result from [I 1, Lemma 8.51 (the result is established 
there for n = 2, but the proof given works for any n). Suppose that X1 @ . . @ X, is 
consonant. Since X1,. . . , X,,, are closed in Xi @ @ X,,, it follows from Proposition 7 
that Xi x . x X, is consonant. 
Let us mention that it was noted in [I l] that, for regular spaces, one can deduce 
Proposition 7 from the ‘if’ part of Corollary 8; hence these two statements are in fact 
equivalent. 
It has been already mentioned that consonance is not stable by product. As shown by 
S, x (R \ a), the product of two paracompact consonant spaces need not be consonant, 
even when one of the factors is separable and completely metrizable. However, in the 
class of p-spaces (see [2] for the definition) the situation is quite different. 
Theorem 9. Let X be a consonant paracompact p-space and Y a tech-complete space. 
Then the product X x Y is consonant. 
Proof. Suppose that X is metrizable. Let Z be a compactification of Y. Then X x 2 is 
consonant by [7] and so is X @ Z by Corollary 8, hence, since X @ Y is a Gg subset of 
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X @ 2, to conclude that X x Y is consonant it suffices by Theorem 6 and Corollary 8 
to show that K(X @ 2) is hereditarily Baire. It follows from Proposition 5 that the first 
countable space K(X) is hereditarily Baire, hence K(X) x K(Z) is hereditarily Baire 
by Theorem A.1 (see the Appendix). Now, note that K(X) x K(Z) is (canonically) 
homeomorphic to K(X @ 2). (Notice that this part of the proof shows that all Gg 
subspaces of X x Y are consonant; this will be used in the proof of the next result.) 
To establish the general case, we use the fact that, in the realm of regular spaces, 
consonance is both invariant and inverse invariant by perfect maps; see, respectively 
[3,11]. Let f : X + X1 be a perfect onto map, where Xr is metrizable; see [2]. Then 
Xt is consonant, and so is Xt x Y by the first step. Since the product maps f x idy is 
perfect, it follows that X x Y is consonant. 0 
It may be worth to mention that Theorem 9 remains true for all regular consonant 
spaces X for which K(X) is first countable (i.e., all compact subspaces of X are separable 
and of countable character in X). The following extends the ‘metrizable’ statement of 
Theorem 6 to paracompact p-spaces. 
Theorem 10. Every Ga subspace of a consonant paracompact p-space is consonant. 
Proof. Let X be a consonant paracompact p-space and A a Gg subset of X. The space 
X is homeomorphic to a closed subspace of the product of a compact space Y and a 
metrizable space T (see [8]). Since the projection Y x T 4 T is perfect, replacing T 
by the projection of X if necessary, we suppose that T is consonant. By the first step in 
the proof of Theorem 9, every Gg subspace of T x Y is consonant; hence, since A is 
closed subset of a Gg subset of T x Y, it follows that A is consonant. 0 
Questions 11. Proposition 7 suggests the following: 
(1) Is X” consonant for a regular consonant space X? What is the answer if in 
addition X is metrizable? 
(2) Is the product of two metrizable consonant spaces consonant? 
Appendix 
This section contains the proof of the fact used in Section 3, that the product of a 
compact space and a first countable hereditarily Baire space is hereditarily Baire (see the 
proofs of Theorems 9 and 10). The argument given here is similar to the argument of the 
main result in [S]. Let us note that Theorem A.1 gives a partial answer to the problem 
posed by Aarts and Lutzer in [l]: Is the product of a compact Hausdorff space and a 
totally nonmeager space, totally nonmeager? In a forthcoming paper we will show, by 
similar argument, that first countability in Theorem A.1 can be substantially weakened. 
We would like to take this opportunity to thank J.M. Aarts and D.J. Lutzer for informing 
us about the status of this problem. 
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All spaces considered in this section are assumed to be regular and Hausdorff. We 
shall also use the well-known fact that a space X is a Baire space if and only if, in 
the Choquet game Gx of X, player I has no winning strategy; see [9, (S.lO)] for more 
details. 
Theorem A.1. Let X be a first countuble hereditarily Baire space and Y a compact 
space. Then the product X x Y is hereditarily Baire. 
Proof. Suppose, by contradiction, that there exists a closed non-Baire subspace F of 
X x Y. Then, in the Choquet game GF there exists a winning strategy 0 for player 1. 
We suppose without loss of generality that the open subsets of F given by o are of the 
form (U x V) n F, where U is open in X and V is open in Y. Fix a choice function 
8 assigning to every nonempty subset 2 of F an element S(Z) f Z. Finally, for each 
z E X denote by (B,(z)) Ned a base of neighborhoods such that B,+,(z) c &(x). 
By regularity, for any run of the game ((Un x I&) n F; On)nE~ compatible with cr 
we can suppose that Un+t c U,, Vn+l c V,, and, since Y is compact, the sequence 
(%, %) = Q((&l x Vn) I- F) is such that 2, # rc, for each n # m. 
Let C be the set of all finite sequences in N. For s E C and n E N denote by IsI 
the length of s, by s . n the concatenation of s and n and by sin the finite sequence 
(s(O), . . . ,s(n - 1)) (for n < IsI). 
Now, we use 0 to define a family ((x,, ys), Us x V,; Os)sE~ such that: 
- F n (U, x V@) = o(0), 
- F n (Us x Vi) = g((Osli)i+l) if s # 0, 
- (G,Y,) = S((Us x K) n F), and 
- OS., = F n [(&(l7:.4 n Us) x Us]. 
Let A = {(CC,, 1~~): s E C}. We shall show that the subspace B of X given by the 
projection of A is closed and without isolated points; this will contradict the fact that X 
is hereditarily Baire. The space B has no isolated point because z,., E Bn(x.%) \ {x3}. 
To show that B is closed in X, suppose that there exists 2 E g\ B and let (z,_),~w c B 
be a sequence such that limz,T7z = 2. There exists pe E N such the set 
Ao = {n E N: s,ll = (po)} 
is infinite. Indeed, in the opposite case, there exists a subsequence (z,=& )kE~ of (EK,_)~~w 
such that, for each Ic E N, x,,~~ E BI,(Q,); hence 2 = “0 which is impossible. Similarly, 
since z # z:(po), there exists pl E N such that the set 
AI = {n E Ao: 4 = (PO,PI)] 
is infinite. Inductively, we define a decreasing sequence (Ak)kE~ of infinite subsets N 
and a sequence (pk)kE~ C N such that, for each n E Ak, s,lk + 1 = (pa,. . . ,pk). 
Let no E A0 and for every Ic 3 1 let nk+] E Ak+l \ {no,. . . ,nk}. Put tk = s,,. 
The sequence (F n (Ut, x K,); Ot,, )M is therefore a run of the game GF compatible 
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with 0. Let y E Y be a cluster point of the sequence (IJ~,)?~~w. Then (z, y) E F, and by 
our assumption on CT we have 
which contradicts the fact that cr is a winning strategy. Hence z E B. 0 
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